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Motivation: quantization of LC circuit
• L=inductance, C=capacitance
• Inductance has a magnetic flux 𝜱𝜱𝐦𝐦 associated with electric 

current 𝑰𝑰.
• Capacitance has an electric flux 𝜱𝜱𝐞𝐞 associated with electric 

charge 𝑸𝑸.

𝑪𝑪
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Classical LC circuit
• Constituent equations:  

𝜱𝜱𝐞𝐞 = 𝑸𝑸 = 𝑪𝑪𝑪𝑪, 𝜱𝜱𝐦𝐦 = 𝑳𝑳𝑳𝑳
• Equations of motion: 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= 𝑰𝑰,
𝒅𝒅𝜱𝜱𝐦𝐦

𝒅𝒅𝒅𝒅
= −𝑽𝑽

• Oscillation:

𝑳𝑳
𝒅𝒅𝟐𝟐𝑸𝑸
𝒅𝒅𝒕𝒕𝟐𝟐

= 𝑳𝑳
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

=
𝒅𝒅𝜱𝜱𝐦𝐦

𝒅𝒅𝒅𝒅
= −𝑽𝑽 = −

𝟏𝟏
𝑪𝑪
𝑸𝑸

𝒅𝒅𝟐𝟐𝑸𝑸
𝒅𝒅𝒕𝒕𝟐𝟐

= −
𝟏𝟏
𝑳𝑳𝑳𝑳

𝑸𝑸 = −𝝎𝝎𝟐𝟐𝑸𝑸 𝝎𝝎 =
𝟏𝟏
𝑳𝑳𝑳𝑳

𝑪𝑪
+𝑸𝑸

−𝑸𝑸

𝑰𝑰

𝑳𝑳𝑽𝑽

𝜱𝜱𝐦𝐦

𝜱𝜱𝐞𝐞



Phaser representation of (𝑽𝑽, 𝑰𝑰)
𝑸𝑸 = 𝑪𝑪𝑪𝑪, 𝜱𝜱𝐦𝐦 = 𝑳𝑳𝑳𝑳

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= 𝑪𝑪
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= 𝑰𝑰,
𝒅𝒅𝜱𝜱𝒎𝒎

𝒅𝒅𝒅𝒅
= 𝑳𝑳

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= −𝑽𝑽

𝝎𝝎 ≔
𝟏𝟏
𝑳𝑳𝑳𝑳

, 𝒁𝒁 ≔
𝑳𝑳
𝑪𝑪

, 𝝎𝝎𝒁𝒁 =
𝟏𝟏
𝑪𝑪

,
𝝎𝝎
𝒁𝒁

=
𝟏𝟏
𝑳𝑳

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= 𝝎𝝎𝒁𝒁𝑰𝑰, 𝒁𝒁
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= −𝝎𝝎𝑽𝑽

𝒅𝒅
𝒅𝒅𝒅𝒅

𝑽𝑽 + 𝒊𝒊𝒊𝒊𝒊𝒊 = −𝒊𝒊𝝎𝝎 𝑽𝑽 + 𝒊𝒊𝒊𝒊𝒊𝒊

𝒁𝒁𝒁𝒁

𝑽𝑽𝝎𝝎𝒕𝒕

impedancefrequency



Quantized LC circuit
• Hamiltonian:  �𝑯𝑯 = 𝟏𝟏

𝟐𝟐𝟐𝟐
�𝜱𝜱𝐦𝐦
𝟐𝟐 + 𝟏𝟏

𝟐𝟐𝟐𝟐
�𝑸𝑸𝟐𝟐

• A product of electric charge 𝑸𝑸 and magnetic flux 𝜱𝜱𝒎𝒎 has a 
dimension of action integral 𝑺𝑺 = ∫𝒆𝒆𝒆𝒆 � 𝒗𝒗𝒅𝒅𝒅𝒅 = 𝒆𝒆∫𝑨𝑨 � 𝒅𝒅𝒅𝒅 = 𝒆𝒆∫𝑩𝑩 � 𝒏𝒏𝒅𝒅𝝈𝝈

• Assume the commutation relation �𝑸𝑸, �𝜱𝜱𝐦𝐦 = 𝒊𝒊ℏ�𝟏𝟏.
• The Heisenberg equation reproduces the LC equation:

𝒅𝒅�𝑸𝑸
𝒅𝒅𝒅𝒅

=
𝟏𝟏
𝒊𝒊ℏ

�𝑸𝑸, �𝑯𝑯 =
𝟏𝟏
𝑳𝑳
�𝜱𝜱𝒎𝒎,

𝒅𝒅�𝜱𝜱𝒎𝒎

𝒅𝒅𝒅𝒅
=
𝟏𝟏
𝒊𝒊ℏ

�𝜱𝜱𝒎𝒎, �𝑯𝑯 = −
𝟏𝟏
𝑪𝑪
�𝑸𝑸

• Quantization of energy: �𝑯𝑯 = ℏ𝝎𝝎 �𝒂𝒂†�𝒂𝒂 + 𝟏𝟏
𝟐𝟐

, �𝒂𝒂 = 𝟏𝟏
𝟐𝟐ℏ𝝎𝝎𝑪𝑪

�𝑸𝑸 + 𝒊𝒊 𝑪𝑪
𝑳𝑳
�𝜱𝜱𝒎𝒎



Question
• Coulomb law implies �𝑸𝑸 = �𝜱𝜱𝐞𝐞 (electric charge on capacitor)
• Commutation relation: �𝑸𝑸, �𝜱𝜱𝒎𝒎 = �𝜱𝜱𝒆𝒆, �𝜱𝜱𝒎𝒎 = 𝒊𝒊ℏ�𝟏𝟏.
• Why can electric flux and magnetic flux be canonical conjugate 

non-commutative variables?
• In quantum field theory, 

space-likely separated two observables 
must be commutative, �𝜱𝜱𝒆𝒆, �𝜱𝜱𝒎𝒎 = 𝟎𝟎 𝑪𝑪

+𝑸𝑸

−𝑸𝑸
𝑳𝑳

𝜱𝜱𝐦𝐦
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“Derivation” of �𝑸𝑸, �𝜱𝜱𝐦𝐦 = 𝒊𝒊ℏ�𝟏𝟏
a semiclassical argument (1/2)

• A particle with charge 𝒆𝒆 move in the space of the 
capacitor.

• Displacement ∆𝒙𝒙 of the electric particle induces charge 
of the capacitor ∆𝑸𝑸 = 𝒆𝒆 𝟏𝟏

𝑫𝑫
∆𝒙𝒙. Hence, 

𝑸𝑸 =
𝒆𝒆
𝑫𝑫
𝒙𝒙 + 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜

• The momentum change of the particle is forced by the 
electric field that is induced by Faraday law: 

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= 𝒆𝒆𝒆𝒆 = −𝒆𝒆
𝑽𝑽
𝑫𝑫

=
𝒆𝒆
𝑫𝑫
𝒅𝒅𝜱𝜱𝐦𝐦

𝒅𝒅𝒅𝒅
,

𝒑𝒑 =
𝒆𝒆
𝑫𝑫
𝜱𝜱𝒎𝒎 + 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜

𝑽𝑽 = 𝑬𝑬𝑬𝑬

𝑫𝑫

+𝑸𝑸

−𝑸𝑸

𝒆𝒆
𝒙𝒙

𝑬𝑬



“Derivation” of �𝑸𝑸, �𝜱𝜱𝐦𝐦 = 𝒊𝒊ℏ�𝟏𝟏
a semiclassical argument (2/2)

• Quantize them:
�𝑸𝑸 =

𝒆𝒆
𝑫𝑫
�𝒙𝒙 + 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜, �𝒑𝒑 =

𝒆𝒆
𝑫𝑫
�𝜱𝜱𝐦𝐦 + 𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜

• We get
�𝑸𝑸, �𝜱𝜱𝐦𝐦 =

𝒆𝒆
𝑫𝑫
�𝒙𝒙,
𝑫𝑫
𝒆𝒆
�𝒑𝒑 = �𝒙𝒙, �𝒑𝒑 = 𝒊𝒊ℏ�𝟏𝟏

• Superficially, the canonical commutation relation 
(CCR) of the position and momentum of the particle 
leads to 
the CCR of the capacitance charge and the 
inductance magnetic flux.

𝑽𝑽 = 𝑬𝑬𝑬𝑬

𝑫𝑫

+𝑸𝑸

−𝑸𝑸

𝒆𝒆
𝒙𝒙

𝑬𝑬



Main issue
Can we derive the CCR �𝜱𝜱𝐞𝐞, �𝜱𝜱𝐦𝐦 = 𝒊𝒊ℏ�𝟏𝟏 of  
electric flux and magnetic flux by a genuine 
quantum-field-theoretical argument?



Quantum ElectroDynamics
• Decomposition of the electric field into transversal and 

longitudinal components:  𝑬𝑬 = 𝑬𝑬⊥ + 𝑬𝑬∥, 𝐝𝐝𝐝𝐝𝐝𝐝 𝑬𝑬⊥ = 𝟎𝟎, 𝐫𝐫𝐫𝐫𝐫𝐫 𝑬𝑬∥ = 𝟎𝟎
• Coulomb gauge:  𝐝𝐝𝐝𝐝𝐝𝐝 𝑨𝑨 = 𝟎𝟎, 𝝋𝝋𝐞𝐞 = −∆−𝟏𝟏𝝆𝝆

• Lagrangian: 𝓛𝓛 = −𝟏𝟏
𝟒𝟒
𝑭𝑭𝝁𝝁𝝁𝝁𝑭𝑭𝝁𝝁𝝁𝝁, 𝑭𝑭𝝁𝝁𝝁𝝁 = 𝝏𝝏𝝁𝝁𝑨𝑨𝝂𝝂 − 𝝏𝝏𝝂𝝂𝑨𝑨𝝁𝝁 (metric= +,−,−,− )

• Canonical variable: 

𝜫𝜫𝒙𝒙 ≔
𝝏𝝏𝓛𝓛

𝝏𝝏(𝝏𝝏𝟎𝟎𝑨𝑨𝒙𝒙)
= 𝑭𝑭𝟎𝟎𝟎𝟎 = −𝑬𝑬⊥𝒙𝒙

• CCR (quantization):

�𝑨𝑨𝒋𝒋(𝒙𝒙, 𝒕𝒕), �𝜫𝜫𝒌𝒌(𝒚𝒚, 𝒕𝒕) = 𝒊𝒊ℏ 𝜹𝜹𝒋𝒋𝒋𝒋 −
𝝏𝝏𝒋𝒋𝝏𝝏𝒌𝒌
∆

𝜹𝜹𝟑𝟑(𝒙𝒙 − 𝒚𝒚)



Derivation of �𝜱𝜱𝒆𝒆, �𝜱𝜱𝒎𝒎 = 𝒊𝒊ℏ�𝟏𝟏 � 𝑵𝑵
• CCR

− �𝑨𝑨⊥
𝒋𝒋 (𝒙𝒙, 𝒕𝒕), �𝑬𝑬⊥𝒌𝒌(𝒚𝒚, 𝒕𝒕) = 𝒊𝒊ℏ 𝜹𝜹𝒋𝒋𝒋𝒋 −

𝝏𝝏𝒋𝒋𝝏𝝏𝒌𝒌
∆

𝜹𝜹𝟑𝟑(𝒙𝒙 − 𝒚𝒚)

• Integrations:
�𝜱𝜱𝐦𝐦 = ∫𝑪𝑪𝐦𝐦

�𝑨𝑨⊥ � 𝒅𝒅𝒅𝒅 = ∫𝑺𝑺𝐦𝐦
�𝑩𝑩 � 𝒏𝒏𝒅𝒅𝝈𝝈, �𝜱𝜱𝐞𝐞 = ∫𝑺𝑺𝐞𝐞

�𝑬𝑬⊥ � 𝒏𝒏𝒅𝒅𝝈𝝈

• CCR yields the linking number:
− �𝜱𝜱𝐦𝐦, �𝜱𝜱𝐞𝐞 = �𝜱𝜱𝐞𝐞, �𝜱𝜱𝐦𝐦 = 𝒊𝒊ℏ�𝟏𝟏 � 𝑵𝑵 𝑺𝑺𝐞𝐞,𝑺𝑺𝐦𝐦

𝑺𝑺𝐞𝐞

𝑬𝑬
𝑪𝑪𝐦𝐦

𝑩𝑩

𝑵𝑵 = count of the crossings



Homological invariance
• Homological deformation of surface does not change the 

magnetic flux since 𝐝𝐝𝐝𝐝𝐝𝐝 �𝑩𝑩 = 𝟎𝟎 :
�𝜱𝜱𝒎𝒎 = �

𝑺𝑺𝐦𝐦

�𝑩𝑩 � 𝒏𝒏𝒅𝒅𝝈𝝈 = �
𝑺𝑺𝐦𝐦′
�𝑩𝑩 � 𝒏𝒏𝒅𝒅𝝈𝝈

• Inclusion of the longitudinal electric field changes the electric 
flux but does not change the commutator since 
�𝑨𝑨⊥
𝒋𝒋 (𝒙𝒙, 𝒕𝒕), �𝑬𝑬∥𝒌𝒌(𝒚𝒚, 𝒕𝒕) = 𝟎𝟎, 𝑬𝑬∥ = −𝐠𝐠𝐠𝐠𝐠𝐠𝐠𝐠 𝝋𝝋𝐞𝐞 = 𝐠𝐠𝐠𝐠𝐠𝐠𝐠𝐠 ∆−𝟏𝟏𝝆𝝆 :

�𝜱𝜱𝐞𝐞 = �
𝑺𝑺𝐞𝐞

(�𝑬𝑬⊥ + �𝑬𝑬∥) � 𝒏𝒏 𝒅𝒅𝝈𝝈 ≠ �
𝑺𝑺𝒆𝒆

�𝑬𝑬⊥ � 𝒏𝒏𝒅𝒅𝝈𝝈

• Electric-magnetic-flux commutator �𝜱𝜱𝒆𝒆, �𝜱𝜱𝒎𝒎 = 𝒊𝒊ℏ�𝟏𝟏 � 𝑵𝑵 𝑺𝑺𝒆𝒆,𝑺𝑺𝒎𝒎 is 
topologically invariant as it is to be. 



Linking number in LC circuit
• The linking number of 𝑺𝑺𝒆𝒆 and 𝑺𝑺𝒎𝒎 (or 𝑪𝑪𝒎𝒎) is one in the LC circuit. 
• Therefore, �𝜱𝜱𝒆𝒆, �𝜱𝜱𝒎𝒎 = �𝑸𝑸, �𝜱𝜱𝒎𝒎 = 𝒊𝒊ℏ�𝟏𝟏. 

This is the desired result. 

−𝑸𝑸

𝑳𝑳

𝜱𝜱𝐦𝐦

𝜱𝜱𝐞𝐞
+𝑸𝑸

𝑺𝑺𝐞𝐞

𝑪𝑪𝐦𝐦

𝑺𝑺𝐦𝐦



Relativistic locality
Spatially-separated flux operators commute:
�𝜱𝜱𝐞𝐞

(𝟏𝟏), �𝜱𝜱𝐦𝐦
(𝟏𝟏) = 𝒊𝒊ℏ�𝟏𝟏

�𝜱𝜱𝐞𝐞
(𝟐𝟐), �𝜱𝜱𝐦𝐦

(𝟐𝟐) = 𝒊𝒊ℏ�𝟏𝟏

�𝜱𝜱𝐞𝐞
(𝟏𝟏), �𝜱𝜱𝐞𝐞

(𝟐𝟐) = 𝟎𝟎

�𝜱𝜱𝐞𝐞
(𝟏𝟏), �𝜱𝜱𝐦𝐦

(𝟐𝟐) = 𝟎𝟎

�𝜱𝜱𝐦𝐦
(𝟏𝟏), �𝜱𝜱𝐞𝐞

(𝟐𝟐) = 𝟎𝟎

�𝜱𝜱𝐦𝐦
(𝟏𝟏), �𝜱𝜱𝐦𝐦

(𝟐𝟐) = 𝟎𝟎

𝑺𝑺𝐞𝐞
(𝟏𝟏)

𝑪𝑪𝐦𝐦
(𝟏𝟏) 𝑪𝑪𝐦𝐦

(𝟐𝟐)

𝑺𝑺𝐞𝐞
(𝟐𝟐)



EPR paradox
• Two particles described by �𝒒𝒒(𝟏𝟏), �𝒑𝒑(𝟏𝟏), �𝒒𝒒(𝟐𝟐), �𝒑𝒑(𝟐𝟐).

�𝒒𝒒(𝒋𝒋), �𝒑𝒑(𝒌𝒌) = 𝒊𝒊ℏ𝜹𝜹𝒋𝒋𝒋𝒋�𝟏𝟏, �𝒒𝒒(𝒋𝒋), �𝒒𝒒(𝒌𝒌) = �𝒑𝒑(𝒋𝒋), �𝒑𝒑(𝒌𝒌) = 𝟎𝟎
• EPR state (entangled state) | ⟩𝜳𝜳 is defined by

�𝒒𝒒 𝟏𝟏 − �𝒒𝒒 𝟐𝟐 ⟩𝜳𝜳 = 𝑫𝑫 ⟩𝜳𝜳 , �𝒑𝒑 𝟏𝟏 + �𝒑𝒑 𝟐𝟐 ⟩𝜳𝜳 = 𝑷𝑷 ⟩𝜳𝜳
(𝑫𝑫 and 𝑷𝑷 are c-numbers. Actually, | ⟩𝜳𝜳 is an approximate 
eigenstate.)

particle 1 particle 2

| ⟩𝜳𝜳



Application: a test of EPR paradox
• Coupled LC circuits provides a platform to realize the EPR state.

�𝜱𝜱𝐞𝐞
(𝟏𝟏) − �𝜱𝜱𝐞𝐞

(𝟐𝟐) ⟩𝜳𝜳 = 𝑫𝑫 ⟩𝜳𝜳 , �𝜱𝜱𝐦𝐦
(𝟏𝟏) + �𝜱𝜱𝐦𝐦

(𝟐𝟐) ⟩𝜳𝜳 = 𝑷𝑷 ⟩𝜳𝜳

• This can provide a model for testing Clauser-Horne-Shimony-
Holt inequality for continuous variables.

𝜱𝜱𝐞𝐞
(𝟏𝟏)

𝜱𝜱𝐦𝐦
(𝟏𝟏) 𝜱𝜱𝐦𝐦

(𝟐𝟐)

𝜱𝜱𝐞𝐞
(𝟐𝟐)



Summary
• Commutation relation of the electric flux and the magnetic flux 

�𝜱𝜱𝐞𝐞, �𝜱𝜱𝐦𝐦 = 𝒊𝒊ℏ�𝟏𝟏 � 𝑵𝑵 𝑺𝑺𝐞𝐞,𝑪𝑪𝐦𝐦
is derived from QED.

• The commutator gives the linking number of the surface 𝑺𝑺𝐞𝐞
defining the electric flux and the loop 𝑪𝑪𝐦𝐦 defining magnetic flux.

• Homological invariance of the commutator is proved.
• It is proved that spatial unlinked flux operators commute.
• LC circuit system can provide a platform for experimental 

realization of the EPR state.
• Similar result has been discovered by Mikhail A. Savrov, 

“Commutator of Electric Charge and Magnetic Flux” 
(arXiv:2003.02225v2), but our result is more detailed.

https://arxiv.org/abs/2003.02225v2


Thank you for your attention.
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